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' Abstract. We consider the Cauchy problem for a family of semilinear 

, defocusing Schrodinger equations with monomial nonlinearities in one 

t-H ■ space dimension. We establish global well-posedness and scattering. 

Our analysis is based on a four-particle interaction Morawetz estimate 

^ , giving a priori L\ >x spacetime control on solutions. 

<■ 

•5- 

c3 . 1. Introduction 

d ■ 

, , ' We consider the initial value problem for the one-dimensional defocusing 

nonlinear Schrodinger (NLS) equation, 

>■ / -| -| \ (iut + Au = \u\ 2k u 

(N ! 1 " ' \ u(0,x) = u (x), 

iO ■ 

■<^j- ■ where k € N with k > 3 and u is a complex-valued function on spacetime 

CN \ Rt x M. x . This problem is known to be locally wellposed for initial data in 

H S (R) for s > s c := \ — \ \ see jHE]. The scaling invariant Sobolev index s c 
is distinguished in the theory by the invariance of the norm under the 
, scaling symmetry of solutions to (jl.ip : If u solves (]l.ip then 

(1.2) u x {t, x) := X'^u(\- 2 t, X^x) 

H ! 

also solves (11.11) . 

The following quantities, if finite for the initial data, are time invariant: 
X ' Mass := M[u(t)} :-- 

Energy := E[u(t)} := |||W(t)||i g + ^-^\\ u (t)\\f^ 2 . 

The local-in-time theory in the presence of these conserved quantities iter- 
ates to prove global- in-time well-posedness for (jl.ip for initial data in H^.. 
Furthermore, in this case it is known that these global-in-time solutions 
are bounded in the associated scaling-invariant diagonal Strichartz space 
Lf k x and scatter; see [18 . It is conjectured that global well-posedness and 

scattering also hold for solutions to (jTTTJ) with initial data in H Sc (R). 
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This work makes partial progress toward this conjecture by establishing 
these properties for solutions to (jl.ip with initial data in i?9(R). In fact, 
for all values k considered we establish global well-posedness and scattering 
for (jl.ip with initial data in H S (M.) for s > Sk, where Sk := ffEjf < §■ 

Theorem 1.1. For each k € {3,4, . . . } there is a regularity threshold Sk = 
gk-\t su °h that the initial value problem (II. ip is globally wellposed and scat- 
ters for initial data uq € -£P(R), provided s > Sk- In particular, there exist 
u± e H S (M) such that 

\\u(t) — e** A u±|[# S ( K ) — > as t — > ±oo. 

Our approach to proving this result is based on the proof of a similar 
statement for the defocusing cubic nonlinear Schrodinger equation on R 3 in 
[11] . The analysis in [11] is based on an a priori two-particle interaction 
Morawetz estimate. We derive a four-particle interaction Morawetz inequal- 
ity which provides Lf x spacetime control on solutions to (jl.ip . Our analysis 
relies on this improved a priori control. 

As a consequence of the four-particle interaction Morawetz inequality, we 
are in fact able to offer a new proof of scattering for a class of one-dimensional 
defocusing nonlinear Schrodinger equations with initial data in see 
|18j for the original proof. 



Theorem 1.2 (Scattering in iJ x (R)). Let u G H 1 (R). Then, there exists 
a unique global solution u to the initial value problem 



(1.3) 



J iut + Au = \u\ 2p u, p > 0, 
|ti(0,x) = u Q (x). 

Moreover, if p > 2 there exist u± € i? 1 (R) such that 

\\u(t) — e ltA u±\\jji^ — ► as t — > ±oo. 

We briefly explain our strategy for proving Theorem 11.11 and Theorem 1 1.21 
The interaction Morawetz inequality we derive in Section [3] provides a 
priori L\ x spacetime control on solutions to (|1.3p (and hence on solutions 
to (jl.ip ). provided that ||n(t)|| i/ 2 stays bounded. In particular, if the 

initial data uq € H x , we immediately obtain that the unique global H x 
solution enjoys the global L\ x estimate. In Section HI for p > 2 we upgrade 
this estimate to stronger Strichartz norm control from which scattering in 
H x follows, thus establishing Theorem 11.21 A similar argument in higher 
dimensions, n > 3, relying on the two-particle Morawetz inequality, can be 
found in (20j . 

If we are in the H x setting (rather than the H x setting) with s being 
defined in Theorem II. lj we know the problem is H x subcritical and, as 
a consequence, the length of the local well-posedness time interval of the 
unique H x solution depends only on the H x norm of the initial data. Thus, 
in order to prove global well-posedness we only need to control the H x norm 
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of the solution. This is not immediate as the H x norm is not conserved. In 
order to derive the desired control over the H x norm of the solution, we will 
use the '/-method'. 

The idea behind the '/-method' ([Hdl]) is to smooth out the initial data 
in order to get access to the good local and global theory available at H x 
regularity. To this end, one introduces the Fourier multiplier / which is the 
identity on low frequencies and behaves like a fractional integral operator of 
order 1 — s on high frequencies. Thus, the operator / maps H x to H x and 
the H x norm of u can be controlled by the H x norm of the modified solution 
Iu. However, Iu is not a solution to (jl.ip and hence one cannot use the 
conservation of energy to derive a bound on the H x norm of Iu. In fact, 
we expect an increment in the energy of Iu. This increment is proved to 
be under control provided the Morawetz norm is finite; see Section But 

1/2 

in order for the Morawetz norm to be finite we need to control the H x 
norm of the solution. This sets us up for a bootstrap argument which will 
be carried out in Section [6l 
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In this section, we introduce notations and some basic estimates we will 
invoke throughout this paper. 

We will often use the notation X < Y whenever there exists some constant 
C > so that X < CY. Similarly, we will use X ~ Y if X < Y < X. We will 
use X <C Y if X < cY for some very small constant c > 0. We will sometimes 
denote partial derivatives with subscripts (a,j(x) := dja(x) := d Xj a(x)) and 
use the convention that repeated indices are implicitly summed. 

We use L X (M) to denote the Banach space of functions / : R — > C whose 
norm 



is finite, with the usual modifications when r = oo. 
We use I<lL r x to denote the spacetime norm 

IMIff.r := IMl£?£J(Rx]R) : = {f R {f R \ U ( t,X ^ rdx y / dt ) /<? ' 

with the usual modifications when either q or r are infinity, or when the 
domain R x M is replaced by some smaller spacetime region. When q = r 
we abbreviate L\U X by L\ x . 



2. Preliminaries 
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We define the Fourier transform on M to be 

/(£) := f e- 2 ™<f(x)dx. 

We will make use of the fractional differentiation operators |V| S defined 

by 

mvco ■■= ier/(o- 

These define the homogeneous Sobolev norms 

11/11*.:= IHVlVIUi 
and more general Sobolev norms 

ll/llflf := II(V) s /IIp, 

where, (V) = (1 + |V| 2 )i 

Let e** A be the free Schrodinger propagator. In physical space this is 
given by the formula 

e itA f(x) = ^— [ S x -y\ 2 l it f{y)dy 

for t 7^ (using a suitable branch cut to define (47rii) 1//2 ), while in frequency 
space one can write this as 

(2.1) e*Af(£) = e- 47r% l«l 2 /(e)- 

In particular, the propagator obeys the dispersive inequality 

(2-2) \\e ltA f\\L~<\t\-Hf\\ Ll 

for all times t ^ 0. 

We also recall Duhamel's formula 

(2.3) u(i) = e^*"*") A u(t ) - i I e i (*- s ) A (^ + An) (a)cte. 



Definition 2.1. A pair of exponents (q, r) is called Schrddinger-admissible 
if 

2 1 1 

- + - = -, 2 < r < oo. 
q r 2 

For a spacetime slab / x 1, we define the Strichartz norm 
\\f\\s°(I) ■= SU P II/IIl?L5(/xR)- 

(<J,r) admissible 

Then, we have the following Strichartz estimates (for a proof see |13 t ll5 } ITU]): 

Lemma 2.1. Let I be a compact time interval, t$ G I, s > ; and let u be 
a solution to the forced Schrodinger equation 



iu t + Au = Fj 



i=l 
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for some functions F\ , . . . , F m . Then, 

m 

(2-4) |||VM| 5 o (/) < ||^o)||^ +EIHV|^||^^ (/xr) 

for any admissible pairs (qi,ri), 1 < i < m. Here, p' denotes the conjugate 
exponent to p, that is, | + A = 1. 

We will also need some Littlewood-Paley theory. Specifically, let <^(£) be 
a smooth bump supported in |£| < 2 and equalling one on |£| < 1. For each 
dyadic number N £ 2 Z we define the Littlewood-Paley operators 

fW(0 ■= [l-<f^/N)]f(0, 
PnI(0 ■= Mt/N) - <p(2Z/N)]f(0- 

Similarly, we can define P<n, P>n, and Pm<-<n '■= P<N — P<m, whenever 
M and N are dyadic numbers. We will frequently write f<N for P<Nf and 
similarly for the other operators. We recall the following standard Bernstein 
and Sobolev type inequalities: 

Lemma 2.2. For any 1 < p < q < oo and s > 0, we have 

\\P>Nf\\ L p<N- s \\\V\ s P> N f\\ L P 
\\M s P<Nf\\ L p <N s \\P< N f\\ Ll 
\\M ±s PNf\\ L ?~N ±s \\P N f\\ LPx 

\\P<Nf\\ L « ZN^WP^fWx 
\\PNf\\Li^N^\\P N f\\ Ll . 

For N > 1, we define the Fourier multiplier I := In (cf. [U]) 

Inu(£) := m N (£)u(£), 
where is a smooth radial decreasing function such that 

mN{0 = { if 1^ > 22V. 

Thus, I is the identity operator on frequencies |£| < N and behaves like a 
fractional integral operator of order 1— s on higher frequencies. In particular, 
/ maps I7J to H^.. We collect the basic properties of I into the following 

Lemma 2.3. Let 1 < p < oo and < <j < s < 1. Then, 

(2-5) II//H, < 11/11,, 

(2-6) IHVrP> J v/|| P <iV CT - 1 ||V//|| p 

(2-7) H/llffi <[|//||m< iV^II/lks- 
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Proof. The estimate (\2.5h is a direct consequence of the multiplier theorem. 
To prove f)2.6f) . we write 

!l|v| CT p>iv/|| p = \\p >N \v\°(yi)- l vif\\ p . 

The claim follows again from the multiplier theorem. 

Now we turn to (|2.7p . By the definition of the operator / and (|2.6|) , 

WfWm < \\P<Nf\\ m + \\P> N fh + ll|V| s P>Ar/||2 

< \\P< N If\\Hi + N- x \\VIf\\ 2 + N 8 - l \\VIf\\ 2 

<\\If\\Hl- 

On the other hand, since the operator / commutes with (V) s , 

l|J7lk = IKv^W/lb < N x -\\Wfh S JV 1 — 11/IIjhs, 

which proves the last inequality in (|2.7p . Note that a similar argument also 
yields 

(2-8) \\U\\Hl<N l - s \\f\\ tiax . 

□ 

3. An interaction Morawetz inequality 

In this section we develop an a priori four-particle interaction Morawetz 
inequality for solutions to one-dimensional defocusing nonlinear Schrodinger 
equations. This a priori control will be fundamental to our analysis. 

The name Morawetz inequality derives from her work on monotonicity 
formulae for the wave equation. The Schrodinger version is due to Lin and 
Strauss, [H]. The idea of a two-particle interaction Morawetz inequality 
was first introduced in [TT]. This two-particle style of estimate has proved 
invaluable in the study of NLS in dimensions three and higher. Unfortu- 
nately, there is no direct analogue of this estimate in dimensions one and 
two; nevertheless, several alternatives have been proposed, [H2 Q2]. Here 
we derive a Morawetz inequality based on four-particle interactions. This 
approach was suggested to us by Terry Tao, based on a private conversation 
with Andrew Hassel. 

Proposition 3.1 (Interaction Morawetz estimate). Let u be an H 1 / 2 solu- 
tion to (|1.3|) on the spacetime slab I X R. Then, 



(3.1) / / \u(t,x)\ 8 dxdt <\\u\\ 2 . 1/2 , JKIIa- 

The calculations that follow are difficult to justify without additional 
regularity and decay assumptions on the solution. This obstacle can be dealt 
with in the standard manner: mollify the initial data and the nonlinearity 
to make the interim calculations valid and observe that the mollifications 
can be removed at the end. For expository reasons, we skip the details and 
keep all computations on a formal level. 
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In order to prove Proposition 13.11 we first review general facts about the 
one-particle Morawetz action. Let </> : Rt x -> C be a solution to the 
Schrodinger equation 

i(j>t + A(j) = N. 

Let a : — > K be a convex weight function and define the Morawetz action 
to be the weighted momentum 



M a (t) := 2 Im / 0(t, y)Va(y) • V0(i, y) dy. 

A direct calculation establishes that in the (yi, ■■■,2/4) coordinate system 
we have 

d t M a (t)=2[ (-AAa(y))|0(i,y)| 2 dy + 4 / a jk (y)Re(fjA)(t,y)dy 
Jk 4 Jr 4 

+ 2 / Va(y)-{M,(l>}(t,y)dy, 
where the momentum bracket is defined by 



{f,g} :=Re(/Vy-yV/~). 
/ a jk {y)Re(cp j (j) k )(t,y)dy > 0. 

JK 4 

a t M a (t) > 2 / (-AAa(y))|(/>(t,y)| 2 dy 



As the weight a is convex, the matrix {ojjfc}i<j,fc<4 is positive semi-definite 
and hence 



Thus, 
(3.2) 



+ 2 / Va(y)-{N 1 cj ) }(t,y)dy. 

Now we are ready to prove Proposition 13. 1[ Let u be a solution to (jl.3|) 
and for each 1 < j < 4 let Uj(t,Xj) := u(t,Xj). Define 

4 

iu(i,a:) = w(t,xi,X2,x 3 ,X4) := x,); 

i=i 

note that u; satisfies the equation 

4 

iiot + A x w = [tij| 2p )u;. 
Next, we perform the orthonormal change of variables 



z = Ax with A = — 
2 



I— > 


1 


1 


1 


(— ' 


1 


-1 


-1 


h- > 


-1 


1 


-1 


-1 


1 


1 


-1 
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Then A x = A z and hence, for u(t, z) := w(t,x(z)), we have 



4 

iujt + A z uj = l n i| 2p ) a; - 



3=1 

Applying ()3,2p to to in the (z±, . . . , Z4) coordinate system with the convex 
weight a(z) := (zf + z 2 + z 2 ) 1 / 2 , we get 



$M a (t) > 2 / (-A z A z a(z))KM)| 2 (fa 
/■ 4 

(3.3) +2/ V z a(z) • {(y'\u j \ 2p )LU,uj}(t,z)dz, 

where 



M a (i) := 2 Im / Lj(t, z)V z a{z) ■ V ' z u)(t, z) dz. 
A quick computation shows that 

-A z A z a(z) = 4^(22,2:3,^4) 
and hence, by a change of variables, 

2 / (-A z A z a(z))\uj(t,z)\ 2 dzi = 8vr / |w(t, 2 X , 0, 0, 0)| 2 dzi 



16-7T / |ti;(£, ^1, Zl,Zl,Z\ ) I ctei 

16vr / |u(t,zi)| 8 dzi. 



To estimate the second term on the right-hand side of (|3,3p . we note that 
orthonormal changes of variables leave inner products invariant and hence, 
1 



/ V z a{z) ■ {CS2\uj\ 2p )oj,oj\(t,z)dz 
^ i= i 

= / V x a(x) ■ {(y \uj\ 2p ^w,w}(t,x)dx. 

A simple computation then shows that in the [x\, . . . , X4) coordinate system 
we have 

{QT \u 3 \ 2p ) w , w } 1 = QT \u 3 \ 2 ?)wd Xt w - wd Xi [QT \ Uj \ 2 *)w] 
3=1 3=1 3=1 

^(Eki 2p ) 
3=1 



\w\ 2: 



(\w\ 2 \uA 2p ) 



p + 



SCATTERING FOR GENERALIZED NLS ON K 

Integrating by parts, we obtain 



V x a(x)-{ \ u j\ 2p ) w ' w } x ) d x 



3=1 



-TT f y2a ii (x)(\w\ 2 \u i \ 2 P)(t,x)dx>0, 



as a is a convex function. 

Putting everything together we get 



d t M a {t) > 8tt / \u(t,x)\ 8 dx 



and hence, by the Fundamental Theorem of Calculus, 



u(t,x)| 8 dxdt < sup|M (t)[. 
i jr tei 



In order to estimate the right-hand side in the inequality above, we hrst 
note that 



(3.4) 



f(x)—-Vf(x)dx 
\x\ 



~ ll/ll^-l/2( R n)) 



for any function / : M. n — > C with n > 3. Indeed, by Cauchy-Schwarz, 



/ 



f(x)^-Vf(x)dx 

\x\ 



< 



X 



and (|3.4j) follows if we establish that the operator T(f)(x) 
bounded on i7 1 / 2 (lR n ). Using Hardy's inequality 



/ 



< 



l|v/|| 2 , 



it is easy to see that T is bounded on L 2 (R n ) and on ^(R"). By interpo- 
lation, this yields the claim. 
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Applying (|3.4j) (in the variables (z2, 23, £4)), Plancherel, and a change of 
variables, we estimate 



\M a (t)\ < IJu(t,z lr )\\ i 6l/aoi3) dz 1 

Id + ei + eli 1/2 i^(*, 6, e 4 )i 2 # 2 #3 d& ^1 

= / \e 2 +e 3 +a\ i/2 m,o\ 2 dt 

< f \a\m,o\ 2 dt 

\rj\\w(t, rj)\ 2 di] 

\r]\\u 1 (t^ 1 )\ 2 \u 2 (t,^2)\ 2 \u3(t,m)\ 2 \u4(t 1 m)\ 2 d V 

< / (\m\ + \m\ + \m\ + \m\)T\\uj(t,vj)\ 2 dri 

<4||«(t)||^ 1/a ||u(t)||«. 



In the computations above, we used u> to denote the partial Fourier transform 
with respect to the variables (22,-23, ^4) and oj to denote the full Fourier 
transform. The change of variables performed was £ := Arj. 
Thus, by the conservation of mass, 

\ U (t,x)\ 8 dxdt< S np\\u(t)\\ 2 \\u(t)\f 2 < H* *i/ 2 „ ~IK|||. 



tel 



This concludes the proof of Proposition 13. 11 



4. Proof of Theorem 11.21 

In this section we prove Theorem 11.21 Global well-posedness for (|1.3p 
is a consequence of the fact that the equation is subcritical with respect to 
energy. The result and the proof are by now standard and we will not revisit 
them here; see [H] . 

Scattering in the case p > 2 was first proved by Nakanishi, [18J. In 
this section we present a new proof relying on the four-particle interaction 
Morawetz inequality we developed in the previous section. 

Indeed, by Proposition 13.11 and the conservation of mass and energy, the 
unique global solution to (|1.3j) with initial data in // 1 (R) satisfies 

IMIlsjrxR) ~ ll u o||tfl(R)- 

In order to prove scattering, we first upgrade (|4.ip to Strichartz control. 
Let 5 > be a small constant to be chosen momentarily and divide R into 
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L = L(\\uo\\h 1 (r)) subintervals Ij = [tj,tj+i] such that 

( 4 - 2 ) IMLf^-xK) ~ s. 

As p > 2, there exists e > such that p > 2 + |e. By Lemma l2~7T| Holder, 
(|4.2p . and Sobolev embedding, on each x R we estimate 

I(VK^)|| 2 + \\(v){\u\^ u )\\ l4/3l1 



l<V>«||so (J 



< 



< 
< 



< 
< 



\ 2 P\ 



Lfii||(V}«|| L 4 L? 



«o||hi(R) + \\\U 

UoWhHR) + W U Wh W U f P ^L-e) 8(2p-e) II (^H 



i 8p— 16— e .,•)„_- 

wolUma) + «5 e |||V| 8 ( 2 —> «||J ( ^IKV)«| 

^ollifl(R) + ^ £ ||(V)«|| fo[^ £ ■ 



A standard continuity argument yields 

||(V)u|| s o (/j) < ||uo||.ffl(R), 

provided 5 is chosen sufficiently small depending on ||iio||#i(R). Summing 
these bounds over all subintervals Ij we derive 



(4.3) 



||(VHso (Ij) <C(||uo|| ff i 



We now use (|4.3p to prove asymptotic completeness, that is, there exist 
unique u± such that 



(4.4) 



\u(t) 



e UA u ± \\ HH 



as t — * ±oo. 



By time reversal symmetry, it suffices to prove the claim for positive times 
only. For t > 0, we define v(t) := e~ ltA u{t). We will show that v(t) converges 
in H\ as t — > +oo, and define u+ to be the limit. 
Indeed, by Duhamel's formula, 



(4.5) v(t) = Uq-i 

Therefore, for < r < t, 



(\u\ 2p u){s)ds. 



v(t) - v(t) = -i J* e~ isA (\u\ 2p u) (s) ds. 



Arguing as above, by Lemma 12. II and Sobolev embedding, 

lh(*)-^WII^w^ll(v)(l«l 2 ^)ll L ^ ([tiT]xR) 

Thus, by flU} and (Ojl . 

\\v(t) - v(t)\\ h i (r) -> as T,t -» CXD. 
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In particular, this implies u + is well denned and inspecting (14. 5|) we find 

poo 

u+ = u -i / e- isA (\u\ 2p u)(s) ds. 
Jo 

Using the same estimates as above, it is now an easy matter to derive 
This completes the proof of Theorem 11.21 



5. Almost conservation law 

As mentioned in the introduction, in order to prove global well-posedness 
for (|1.1|) it suffices to obtain a priori control over the H^. norm of solutions 
to (II. ip . However, the H^. norm is not a conserved quantity. Nevertheless, it 
can be controlled by the B.\ norm of the modified solution I^u (see (|2.7|) ). 
While we do have conservation of energy for (jl.lj) . I^u is not a solution to 
(11. lj) and hence we expect an energy increment. In this section, we prove 
that the energy increment is small on intervals where the Morawetz norm 
is small, thus transfering the problem to controlling the Morawetz norm 
globally. 

Proposition 5.1 (Energy increment). Let s > 2k-\ an( ^ ^ u ^ e an 
solution to (jl.ip on the spacetime slab [to,T] x R with E(I]\fu(to)) < 1. 
Suppose in addition that 

\\ u hl x ([t ,T]xR) <V 

for a sufficiently small r/ > (depending on k and on E{I^u{to))). Then, 
for N sufficiently large (depending on k and on E(I]yu(to))), 

(5.2) sup E(I N u(t)) = E(I N u(t )) + N- 1+ . 

te[t ,T] 

Proof. Fix t G [to,T] and define 
IMU(t) : = l|VP<H|so([ io ,t]) + sup (^2\\VP N u\\ 2 rq A 



, . „ L«XJ([to,i]x] 

(q,r) admissible jy>l 



We observe the inequality 



2 



1/2 



N<=2% * x N&2 1 



1/2 



for all 2 < q,r < oo and arbitrary functions /at, which one proves by in- 
terpolating between the trivial cases (2,2), (2, oo), (oo,2), and (oo, oo). In 
particular, (|5.3j) holds for all admissible exponents (q,r). Combining this 
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with the Littlewood-Paley inequality, we fincfl 



\u\ 



1/2 



1/2 



7Ve2 z * x Af£2 z 

In particular, 

l|Vu|| lS o([ to!t ]) < 

Moreover, using Lemma 12.11 the fact that the Littlewood-Paley operators 
P/v commute with idt + A, the Littlewood-Paley inequality, together with 
the dual of (15. 3D . we get 



(5.4) ||n|U (t) < \\u(t )\\ Hl + || VK + M\\ L f L rj {[toAxl 

for any admissible pair (q, r). 
Now define 

Zi(t) := \\I N u\\ Z ( t) . 
Lemma 5.1. Under the hypotheses o f Proposition [5771 



Zj(t) < \\VI N u(t )h + N-^Zj(t) 2k+1 + 7 ] ^Z I (t) 1+2 - h ^ 

16 3fc-8 

(5.5) +rj- sup E(I N u(s)) 3 ( k +v 

se[io,*] 

Proof. Throughout this proof, all spacetime norms are on [to,t] x R. By 
(I5.4j) and Holder's inequality, combined with the fact that V/tv acts as a 
derivative (as the multiplier of V/tv is increasing in |^|), we estimate 

Zi{t) < ||V/jv«(t )||2 + ||VIjv(M 2 *u)||g,g 

< ||V/jv«(io)||2 + ||ti||afc )3 fc||VIivtt||6 > e 

< ||VIjv^o)||2 + ||«||i^/(i)- 

To estimate 1 1 1 1 3fc,3fc ; we decompose u := u<\ + u\ < .<n + u > jy. To estimate 
the low frequencies, we use interpolation, (15, ip . Bernstein, and the fact that 
the operator In is the identity on frequencies |£| < 1 to get 

JL i_ JL 

||«<l||3fe,3fc ~ IK<l|II,8ll M <llU,^ 
, _8_ ,,1-4: 
^HIMIoojfc+2 

g 3fc-8 

<?73fe sup E(I N u(s)) 3k <- 2k +v . 
se[t ,t] 



Strictly speaking, as the Littlewood-Paley square function is not bounded on LJ°, 
the inequality does not hold for the Schrodinger-admissible pair (4, oo). However, this 
particular estimate will not be needed in the proof of Proposition 15.11 and we thus make 
the convention that in the proof of this proposition alone the S° norm is the supremum 
over all admissible pairs except (4, oo). 
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To estimate the medium frequencies, we use interpolation, (|5.ip . Sobolev 
embedding, Bernstein, and the fact that the operator In is the identity on 
frequencies |£| < N 



7 3fc-8 
< II . , _JI 3*— 1 |L, . . ._ || 3fe-l 



Rl<.<Jv||3fc,3A ^ |FK-<JV||8,8 II U K > <-Wll24fe,24fc 
< ri^^\\\V\2-sk Ul< .< N \\ 3k - 1 



24k, 

' ok — 1 



7 3fc-8 



To estimate the high frequencies, we use Sobolev embedding and Lemma [2 .31 

i_ j_ 

P>JV 3fc,3fc ^ V 2 En>jy 3j L 6fc 

°' l ''3fc-4 

< AT 2 c VJjv»>jv Ufc 6fc 

0,i '3fc~4 

<rH^(i). 

Putting everything together, we derive (|5.5|) . □ 



Next, we control the energy increment in terms of the size of the modified 
solution I nu. 



Lemma 5.2. Under the hypotheses of Proposition HOI 
(5.6) | sup E(I N u(s)) - E(I N u{t ))\ 

86 [*0,t] 

<iV- 1+ (zKt) 2fe+2 + 77^/(i) 2 ^p ^(/^(s))^) 

V s6[*0,*] 

4 (2fc+2-J) (2fc-5)(2fc+2-J) 
+ 2^ V ^ Z l(t) SUP E(I N U(S)) (2fc-l)(2fe+2) 

j =3 se[*o,t] 

+ N- 1+ [Z I {t) 2k+l + T]~Z I {t) sup £(Ijvw(s)) 3 C*+i) 
v se[* ,*] 

X (Z/(i) 2fc+1 + 7/5 SUp S(/Aru(s))^SW) 

V 86[*0,*] ' 

2k+2 

, . ^ 4(2fc+2-J) (2fc-5)(2fc+2-J) 

+ iV" 1+ 2^r/ 2 fe -i Zi{ty- X sup E(I N u{s)) (2fe-D(2fc+2) 
j =3 se[*o,*] 

x (z 7 (t) 2fc+1 +7/3 sup £(/jvm(s))^). 

^ s6[*0,*] ^ 

Proof. As 

^E(u{t)) = Re y u t (|n| 2fe n - An) = Re f Ut(|n| 2fe n - An - iu t ) dx, 
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we obtain 



d_ 

dt' 



: E(Iu(t))=Re J Iu t (\Iu\ 2k Iu- Alu-ilut)dx 

=*/'*m"'«-'<i»i"»»*. 

Using the Fundamental Theorem of Calculus and Plancherel, we writ^l 



E{Iu(t)) - E(Iu(t )) 
Re 



t ^E-=rc<=o 



m(& + 6 j h £2^+2) 

m(£2)m(£ 3 ) ■ • -"i(6fc+2) 



Id t u{£,i)Iu{£, 2 ) ■ ■ ■ Iu{£ 2 k+i)Iu{i2k+2) d°(0 ds. 
As iiit = —An + |u| 2fc n, we thus need to control 
(5 7 ) [* [ d_ m fe + 6 + ---+6fc+2) ^ 



and 
(5.8) 



to 



t JJ2tt 2 &=° v ^(6)^(6) • • • m{£ 2k+2 ) > 

A7u"(£i)M&) • • • M6fc+i)^(6fc+2) daft) ds 



1 _ ^(6 + 6 + --- + 6fc+2) \ 

ESI 2 &=o ^ ™(6)™(6) • • • rn(£ 2k+2 ) ' 



J(|u| 2 *u)(£i)/u(&) • • • /u(6 fc+ i)^(6fc+ 2 ) <M0 d« 
We first estimate (|5.7p . To this end, we decompose 

u := Pnu 

N>1 

with the convention that P\u := P<\u. Using this notation and symmetry, 
we estimate 



(5.9) 



< 



B(N 1 ,...,N 2k+2 ). 



A r i,...,A r 2 fe+2>l 

N 2 >N 3 >->N 2k+2 



where 

S(JVi,...,iV 2fc+2 ) 



to 



_ + 6 H h Cgfc+g) 



AIu Nl {£i)Iu N2 (£ 2 ) ■ ■ ■ IUN 2k+1 {i2k+2)IUN 2k+2 {i2k+2)d<j{C)ds 



Case I: iVi > 1, iV 2 > • • • > N 2k+2 > 1. 
Case I : iV > N 2 . 



^Throughout this proof we use the abbreviation 



m \— mjv. 



16 



J. COLLIANDER, J. HOLMER, M. VISAN, AND X. ZHANG 



In this case, 



ra(6 + £3 H 1- £2^+2) = m(£ 2 ) 



mfe/fc+2) = I- 



Thus, 



B(N lf ...,N2k+2) =0 



and the contribution to the right-hand side of (|5.9|) is zero. 
Case I b : A 2 > A » A 3 . 

As ^?=i" 2 ^ = 0, we must have Ai ~ A 2 . Thus, by the Fundamental 
Theorem of Calculus, 



+ £3 H 1- 6fe+2) 



m(£ 2 )m(£ 3 ) • • • m(f 2 fc+2) 



1 



"ife H h £2/0+2) 



< 



m(£ 2 ) 

Vm(6)(6 + --- + 6fc+ 2 ) 



< 



A, 
Ao 



Applying the multilinear multiplier theorem (cf. 0(8]), Sobolev embedding, 
Bernstein, and recalling that Nj > 1, we estimate 



B(N l7 ...,N 2k+2 ) 



A';; , f yj 

~ Ap^""^ 1 I' 6 ' 6 ll^'" Ar2 II 6 ' 6 P U Ar 3 ||6,6 ]_]_ P«JVj||2(2fe-l),2(2fc-l) 

2 i=4 

3 2fc+2 



2fc+2 



A* 1 -■ — r -■ — r Ji z_ 



A, 
1 

A 2 



2 J= i J=4 

< -^Zjitf^ < A- 1+ A 2 °-Z 7 (t) 2fc+2 . 



ill 2 (2fe-l),^) 



The factor A 2 allows us to sum in Ai, A 2 , . . . , A 2 £, +2 , this case contributing 
at most A" 1+ Z/(t) 2fc+2 to the right-hand side of K9\i . 
Case J c : A 2 » A 3 > A. 

As Yll=i 2 Ci = 0) we m ust have Ai ~ A 2 . Thus, as m is decreasing, 



™(6 + £3 H h 6/C+2) 



m(£ 2 )m(£ 3 ) • • -m(£ 



2fc+2j 



< 



ra(£i 



m(£ 2 ) • • -m(£ 2fc+2 ) 
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Using again the multilinear multiplier theorem, Sobolev embedding, Bern- 
stein, and the fact that m(£)|£| 2k ~ x is increasing for s > 2k _ 1 , we estimate 

£(^,...,^+2) 

m(iVi) Ni -i^w- .._ . 2 tt 2 in, ,i fc ~ 2 

~ S V at AT II V/ujVj 6,6 I I V l^-ilUNj , , , 2 (2fc-i) 

mfJVa) ••• m(N 2k+2 ) N 2 N 3 ±± r\ { >' ^-z 

3 2fc+2 
< "X II H V/ ^ll6,6 II I' 



— STllllv^^lM 11 living j(m3 m 

iV 3 m(iV3)nJ=t 2 m{N j )N* h - x j=i 

< jV3m 1 (JV3) l|VJu j v 1 ||6,6||VJ^ 2 || 6 , 6 Z J (t) 2fc 

< N- x +N%- \\VIu Nl || 6 ,6|| V/ujv a || 6 ,6^/(0 2fc - 

The factor A^ - allows us to sum over A3, . . . , N 2k+2 . To sum over iVj and 
iVb, we use the fact that N\ ~ A2 and Cauchy-Schwarz to estimate the 
contribution to the right-hand side of (|5,9|) by 

N-^{Y, IIVJ^II^^E l|V/^ 2 |ll 6 )^/(t) 2fc <iV- 1+ ^W 2fc+2 . 

JVi>l 2V 2 >1 

Case I d : N 2 ~N 3 > AT. 

As E 2 =| 2 Ci = ° 5 we obtain N\ < N 2 , and hence m(Ni) > m(N 2 ) and 
miNJNi < m(N 2 )N 2 . Thus, 



1 



m(& + £3 H h 6fc+2) < 



m(&)m(£ 3 ) ■ ■ ■ m(£ 2k+2 ) ~ m(N 2 )m(N 3 ) ■ ■ ■ m(N 2k+2 ) ' 
Arguing as for Case I c , we estimate 

B(tfx, • • • , < jttZ^ 

m(N 2 )N 2 m(N 3 )N 3 l\f = f m{N j )Np- 1 

m(N 3 )N 3 

The factor N® ~ allows us to sum over JVi , . . . , N 2k+2 ■ This case contributes 

at most Ar~ 1+ Z/0) 2fc+2 to the right-hand side of (ET9j) . 

Case II: There exists 1 < jo < 2k + 2 such that Aj = 1. Recall that by 

our convention, Pi := P<\. 

Case II a : N± = 1. 

Let J be such that A2 > • • • > Nj > 1 = N J+1 = ■■■ = N 2k+2 . Note that 
we may assume J > 3 since otherwise 



B{N 1 ,...,N 2k+2 ) = 0. 



18 J. COLLIANDER, J. HOLMER, M. VISAN, AND X. ZHANG 

Also, arguing as for Case I a , if N ^> N 2 then 

B(N 1 ,...,N 2k+2 ) = 0. 
Thus, we may assume N 2 •> N. In this case we cannot have N 2 3> A3 since 



it would contradict Yli=i 2 d = an d N± = 1. Hence, we must have 

N 2 ~ N 3 > N. 

As 



1 m(6 + 6 H h 6fe+2) 



< 



■ ■ ■ m(^ 2k+2 ) ~ m(N 2 )m(Ns) ■ ■ ■ m{N 2k+2 ) ' 

we use the multilinear multiplier theorem and Sobolev embedding to esti- 
mate 

B(N 1 ,...,N 2k +2) 

~ m(iV 2 )iV 2 m(iV3)iV3m(iV4) • • • m(N 2k+2 ) IJ H Wu ^ I' 6 ' 6 

,/ 2fc+2 
X JJ || I V| gg=T Jnjyj || a(afc _ 1)t aC«-l) II Il / ^ll2(2fc-l),2(2fc-l) 



2k-3 

j=4 J=J+1 



2/c+2 



< TrrZi{t) J II l|/«Ar ; 



'j ||2(2Jfc-l),2(2fe-l) 

m(N 2 )N 2 m(N 3 )N 3 n/ =4 miN^N™- 1 j=J+l 

2k+2 

<N- 2+ NtZ!(t) J J] llJujvJ^afc-!),^-!). 
i=j+i 

Applying interpolation, (|5.ip . and Bernstein, we bound 

4 2fc-5 

(5.10) ||^<l||2(2fc~l),2(2fc-l) i$ ll^^llllfs" 1 ll^ M <lll<S>oo 

< jym=l sup _E(/ n ( s ))(2F^W+2). 

se[*o,t] 

Thus, 

„. „ 4(2fc+2-J) T (2fc-5)(2fc+2-J) 

B(N 1 ,...,N 2k+2 )<N- 2+ N$-ri «-i Z,(t) J sup £(Ju(s)) iw-uw, . 

s6[t ,i] 

The factor iVg - allows us to sum in N 2 , . . . , iVj. This case contributes at 
most 

2 ft* 4- 2 

_, ^ 4(2fc+2-J) . (2fc-5)(2fc+2-J) 

AT-2+ 2^ 7? 2fc-l Z/(t) J SUP E(Ill(s)) (2fc-l)(2fc+2) 

j=3 «e[*o-t] 



to the right-hand side of (|5.9p . 

Case IJ 6 : Ai > 1 and N 2 = ■ ■ ■ = N 2k+2 = 1. 
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in 



As Y^=i 2 & = we obtain Ni < 1 and thus, taking A sufficiently large 
depending on fc, we get 

1 _ m(& + 6 j h 6fc+g) = Q 

m(^ 2 )m(C3) • • • m(6fc+2) 

This case contributes zero to the right-hand side of (|5.9p . 
Case 77 c : Ai > 1 and A 2 > 1 = A 3 = • • • = N 2k+2 . 

As E?=| 2 & = °' we must nave Ai ~ A 2 . If Ai ~ A 2 < N, then 

m(6 + 6 H h 6fe+2) 



m(£ 2 )m(£ 3 ) ' ••^(6jfc+2) 







and the contribution is zero. Thus, we may assume N\ ~ A 2 > iV. 
Applying the Fundamental Theorem of Calculus, 



1 



m(t,2 + 6 H 1- 62*1+2) 



1 



"ife H h^2fe+2) 



< 



Vm(£ 2 ) 



(6 



< 



By the multilinear multiplier theorem, 

B(Ni,...,N 2k+2 ) ^ ■^-||AJujv-i||6,6||^'"JV2||6,6 ]^[ II^Wj 



2fc+2 



iV2 



\3k,3k 



3=3 



\2k 



~ "^2 1 1 VXtt^ 1 1 6;6 1 1 VZ-a^ 1 1 6,6 1 [ 1 1 3fe,3fe 



^N-^NtZdtniu^fi^. 

The factor A^~ allows us to sum in N\ and A 2 . Using interpolation, (|2.5p . 
(15.11). and Bernstein, we estimate 



|^<l||3fc,3fc i$ II^<i|||^||/«<i||do,to 

< 77^ Il/^<1 1,1 " 



oo,2jfc+2 



< r]3k sup E(Iu(s)) 3k & k +V 



se[*o,t] 



Thus, this case contributes at most 



1 1 16 o — » 

N-^ + r 1 -Z I {t) 2 sup £(/«(«)) s(*+i) 
se[to,t] 



to the right-hand side of (15. 9|h 

Case 7/^: iVj > 1 and there exists J > 3 such that A 2 > • • • > Nj > 1 = 
Aj + i = • • • = N 2 k+2- 

To estimate the contribution of this case, we argue as for Case /; the only 
new ingredient is that the low frequencies are estimated via (|5.10p . This 
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case contributes at most 



. 4(2fc+2-J) (2fc-5)(2fc+2-J) 

iV _1+ 2^ 7? 2fe-l Z/(t) J SUP E(IU(S)) (2fc"l)(2fc+2) 

j =3 «e[to,t] 

to the right-hand side of (|5.9|) . 

Putting everything together, we get 

dSZD <Ar _1+ Z/(t) 2A!+2 + iV- 1+ ?7^Z/(t) 2 sup E(Iu(s))WT 

se[to,t] 

2A*+2 

. . 4(2fc+2-J) (2fc-5)(2fc+2-J) 

(5.11) + iV~ 1+ Z_. ^ 2fc_1 SU P E ( Iu ( s )) ^ k -^ 2k + 2 l 

j =3 *e[to,t] 



We turn now to estimating (15, 8D . Again we decompose 



N>1 



with the convention that P\u := P<\u. Using this notation and symmetry, 
we estimate 



m< E c(n u --- ,N 2k+2 ), 



Ni,...,N 2k+2 >l 
N 2 >->N 2k+ 2 



where 

C(JVi,... ,iV 2jk+2 ) 



to 



1 _ m(& + & + ••• + &ifc+2h 
E?=| 2 6=o ^ ^(6)^(6) • • • m(^ 2 fc+2) > 



P Nl I(\u\ 2k u)(£i)Iu N2 (&) ■ ■ ■ Iu N2k+1 (& k+1 )Iu N2k+2 (£ 2 k+2) dcr(Q ds 

In order to estimate C(Ni,--- ,N 2k+2 ) we make the observation that in 
estimating B(N%, ■ ■ ■ ,N 2 k+2), f° r the term involving the N\ frequency we 
only used the bound 

(5.12) \\P Nl I Au\\ 6>6 < JVi||VJ«jviI|6,6 < NxZ^t). 
Thus, to estimate (15. 8j) it suffices to prove 

(5.13) \\P N J(\u\ 2h u)\\^<Z I (t) 2k+1 +^ sup E(Iu(s))W^, 

se[t ,t] 
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for then, arguing as for (|5.7f) and substituting f)5. 13f> for (|5.12j) . we obtain 

-11/ oj 1 1 16 3fc — 8 

$lE§ <N- 1+ [Z I (t) 2k+1 +r j irZ I (t) sup ^(/^(s))^ 1 ) 
v se[t ,t] 

x (Zj(t) 2k+1 +r?l sup £(/u(s))^& 
v «e[*o,i] 

- . J-L 4(2fc+2-J) - . (2fc-5)(2fc+2-J) 

+ N ~ zZ 71 2fc_1 z ^ l Y su p E ( Iu ( s )) (2fe - i,(2fe+2) 

j =3 «e[*oi*] 
x (Z/(t) 2fc+1 + 77! sup £l(Ju(«))w]. 

Thus, we are left to proving fl5 . 13f> . Using (12. 5j) and the boundedness of the 
Littlewood-Paley operators, and decomposing u := u<\ + u>i, we estimate 

\\P Nl I(\u\ 2k u)\\ 6t6 < ||«||^ 1 +a))6(2fc+1) 

<^ II 1 1 2Ar — (~ 1 i || ||2/;;+l 

~ H' U < 1 ll6(2fc+l),6(2fc+l) ~*~ If n>1 ll6(2fc+1),6(2A;+1)- 

Applying interpolation, (|5.ip . and Bernstein, we estimate 



II ^ || II 3(2fc+l) || || 3(2fc+l) 

n <l|l6(2fc+l),6(2fc+l) ~ lF<lll8,8 lF<l||oo,oo 

4 6fc-l 

< ^3(2^+1) sup E(Iu(s)) :i ( 2k + 2 ^ 2k +^ . 
se[t ,t] 



Finally, by Sobolev embedding and (|2.6p . 

1 1 

IK>l||6(2fc+l),6(2fc+l) ^ ll|V| 2 5pFFIJ ">l|l 6(2fc 1 l), y§g+p ~ ^(*)- 

Putting things together, we derive ()5,13p . 

This completes the proof of Lemma 15.21 □ 

Next, we combine Lemmas 15. II and 15.21 to derive Proposition 15.11 Indeed, 
Proposition 15 . 1 1 follows immediately from Lemmas 15 . 1 1 and 15 . 21 if we establish 

Ziit) < 1 and sup E(I N u(s)) < 1 for alii G [t ,T]. 

se[t ,t] 

As by assumption E(I]yu(to)) < 1, it suffices to show that 

(5.14) Zj(t) < \\VI N u(t )h for all t G [t ,T] 
and 

(5.15) sup E(I N u(s)) < E(I N u(t )) for alii G [t ,T]. 

se[t ,t] 
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We achieve this via a bootstrap argument. Let 

«l := {t G [t ,T] : Zj(i) < d || VI N u(t Q ) || 2 , 

sup E(lNu(a)) < C 2 E(I N u{t ))} 

se[to,t] 

Q 2 ■- { t G [to,r] : Zj(t) < 2Ci||V/ J vn(t )||2, 

sup E(I N u(s)) < 2C 2 E(I N u(t ))}. 

se[t ,t] 

In order to run the bootstrap argument successfully, we need to check four 
things: 

• fii / 0. This is satisfied as to € fii if we take Ci and C 2 sufficiently 
large. 

• Oi is a closed set. This follows from Fatou's Lemma. 

• If t € Oi, then there exists e > such that [t, t + e] £ f2 2 - This follows 
from the Dominated Convergence Theorem combined with (15, 5j) and (15. 6p . 

• O2 Cfli. This follows from (15. 5ft and (|5.6p taking Ci and C2 sufficiently 
large depending on absolute constants (like the Strichartz constant) and 
choosing N sufficiently large and 77 sufficiently small depending on C±, C 2 , 
k, and E(lNu(to)). 

This finally proves Proposition 15.11 



6. Proof of Theorem 11.11 

Given Proposition 15. 1| the proof of global well-posedness for (jl.ljl is re- 
duced to showing 

(6-1) Ikllzf^RxR) ^ C(\\u \\h°)- 

This also implies scattering, as we will see later. 
By Proposition 13.11 



(r ^ 11 11 <r 11 n 3 / 4 n 11 1/4 

(6-2) IMk,(/xK) £ Klla U\i Tkl ^ {I ^ 

on any spacetime slab IxMon which the solution to (jl.ip exists and lies in 

1/2 1/2 
H x . However, the H x norm of the solution is not a conserved quantity 

either, and in order to control it we must resort to the H^. bound on the 

solution. Thus, in order to obtain a global Morawetz estimate, we need a 

global H%. bound. This sets us up for a bootstrap argument. 

Let u be the solution to (jl.ip . As E(I^uq) is not necessarily small, we 

first rescale the solution such that the energy of the rescaled initial data 

satisfies the conditions in Proposition 15.11 By scaling, 

u x (x,t) := A^u(A~ 2 i, A _1 x) 

is also a solution to (jl.ip with initial data 

Uq(x) := X~^v > o(X~~ 1 x). 



SCATTERING FOR GENERALIZED NLS ON K 23 



By (|2.8p and Sobolev embedding, 



|^"iV^oll2fe+2 < ||«oll2fc+2 = A 2fc + 2 k IKIhfc+2 < >^ 2k+2 k IK 



As s > 2 ~ \-> choosing A sufficiently large (depending on ||«o||fl'* an d N) 
such that 

(6.3) N x ~ s X%~^~ s \\uo\\ H g and X^+2~^ \\uq\\ Hi < 1, 

we get 

E{I N u x ) « 1. 

We now show that there exists an absolute constant C\ such that 
(6-4) l|n A || Lt(RxIR) <CiAi(W). 

Undoing the scaling, this yields (|6.ip . 

We prove ()6.4p via a bootstrap argument. By time reversal symmetry, it 
suffices to argue for positive times only. Define 

fii := G [0,oo) : ||u A ||^ {[0)t]xE) < CiA*^-*)}, 

n 2 := {t € [0,oo) : \\u X \\ Llx(mxR) < 2C 1 X^-%)}. 

In order to run the bootstrap argument, we need to verify four things: 

1) S7i ^ 0. This is obvious as £ Q±. 

2) Qi is closed. This follows from Fatou's Lemma. 

3) fl 2 C n x . 

4) If T G ili, then there exists e > such that [T, T + e) C ^2- This is a 
consequence of the local well-posedness theory and the proof of 3). We skip 
the details. 

Thus, we need to prove 3). Fix T £ O2; we will show that in fact, T £ 
By (|6.2p and the conservation of mass, 

A A ~ A ~ 

\\ U llif ^([O.TJXR) ~ IK II! W U UrooffVa 



if fli' ([0,T]xl 



1 



< A4(2-i)c(||no|| 2 )||^ A || 4 . 1/2 
To control the factor ||« A || Looi j-i/2^ T ] X K)' we decompose 

u x {t) :=P< N u x (t)+P >N u x (t). 

To estimate the low frequencies, we interpolate between the l? x norm and 
the Hi norm and use the fact that In is the identity on frequencies |£| < N 

||p<,vn A (t)|^ 1/2 < \\p< N u x {t)U\\p< N u\t)\^ 



<A^3-^C(||«o||2)||W(*)||^. 



1 
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To control the high frequencies, we interpolate between the L 2 X norm and 
the H% norm and use Lemma 

\\P >N u x (t)\\ Hl/2 < ||P >A r« A (t)||l7*||F>Aru A (t)||f s 



~o - - ir jv ^ ("j i n i • 



Collecting all these estimates, we get 



|u A ||r8 



1 



L» ([0,T]xIR) < A8(2-fc)C(||w || 2 ) sup (\\VI N u x (t)\\i + \\VI N u x (t)\\t). 
t,x te[o,T] 

Thus, taking C\ sufficiently large depending on ||uo||2, we obtain T G Oi, 
provided 

(6.5) sup \\VI N u x (t)\\ 2 < 1. 

te[o,T] 

We now prove that T € f2 2 implies (|6.5|) . Indeed, let 77 > be a sufficiently 
small constant like in Proposition 15.11 and divide [0, T] into 



\a^2 k> \ 



L 

subintervals Ij = [tj,tj + i] such that, 

H^llif^xK) <v- 
Applying Proposition 15.11 on each of the subintervals Ij, we get 
sup E(I N u x (t)) < E(I N u x ) + E{I N u x )LN- 1+ . 

t€[0,T] 

To maintain small energy during the iteration, we need 

LN~ 1+ ~ A 7 (W)j\r 1+ < 1, 
which combined with (16.31) leads to 



N s+ *~i ' N- 1+ < c{\\u \\m) < 1. 



This may be ensured by taking N large enough (depending only on k and 
||^oll# s (R))> provided that 

8fc — 16 

As can be easily seen, s(k) — ► | as k — > 00. 
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This completes the bootstrap argument and hence (|6.4|) . and moreover 
(|6.ip . follow. Therefore (|6.5j) holds for all T £ R and the conservation of 
mass and Lemma 12.31 imply 



MO II 



< 
< 
< 
< 



"ollrg + IkCOIIijj 
«o||Li+A s -^-i)||n A (A 2 T)||^ 

«ollLi + A s -^-^||/ w n A (A 2 T)|| H i 

«o||^ + A s -C|-i)(||^(A 2 r)||^ + \\VI N u x (X 2 T)\\ Ll ) 

^oIIl? + A s ^ ( 5-^(A5-i||n || L 2 +1) 



< 



C(||«o||ffi 



for all T G 
(6.6) 



Hence, 



\u\\L°°m < C(||uo||fl-|)- 



Finally, we prove that scattering holds in i?| for s > Sk- As the construc- 
tion of the wave operators is standard (see [5]), we content ourselves with 
proving asymptotic completeness. 

The first step is to upgrade the global Morawetz estimate to global Strichartz 
control. Let u be a global H% solution to (II. lj) . Then u satisfies (|6.ip . 
Let (5 > be a small constant to be chosen momentarily and split R into 
L = L(\\uo\\h») subintervals Ij = [tj,tj+i] such that 

By Lemma |2.1| (|6.6p . and the fractional chain rule, [6], we estimate 
ll<V>'tt||flo (Ji) < H tj )\\ m + ll(V) s (|u| 2fe u)|| L 6/ 5(/j . xR) 

< c(||«oI|h<) + ll^lliilKv}^!!^^^), 

while by Holder and Sobolev embedding, 



7 3fc-8 
IL. II < IL, II s*- 1 1 1 „ , II 3fc-l 

7 ,I__L 

< 3fc-l V 2 8fc?i 12fc 
r24fc r 6fc-l 



, ore — i 

L 24fc L 6^?T ( ^ xI 
7 3fc-8 

<^||(V) S «||^)- 



Therefore, 

14fc 1 I 2fc (3fc~8) 

IIWuiiso^.) <c7(||«oW + ^||(v>'«|| s I (J ; ) fc - 1 . 

A standard continuity argument yields 

IKV} s n|| 5 o (/j) <C7(|| U o||^), 
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provided we choose S sufficiently small depending on k and ||wq[|h*. Sum- 
ming over all subintervals Ij, we obtain 

(6-7) ||(V) s n|| 5 o (R) <C(\\u \\h°). 

We now use (I6.7P to prove asymptotic completeness, that is, there exist 
unique u± such that 

it A. 



(6. 



lim \\u(t) - e u *u±\\ H s = 0. 

t— >±oo x 



Arguing as in Section [31 it suffices to see that 



(6.9) 



- isA (\u\ 2k u)(s)ds 



Hi 



as t — » oo. 



The estimates above yield 



- isA (\u\ 2k u){s)ds 



< 



u 



14fc 

a*,oo] xn») II < v >*«*l 



i+ 



2fc(3fc-8) 



3fc-l 

S°(ft,oo]xI 



Using (|6.1|) and (|6.7|) we derive (|6.9|) . 

This concludes the proof of Theorem 11.11 



□ 
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